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Abstract The term "special biconformal change" refers, basically, to the situation where a 
given nontrivial real-holomorphic vector field on a complex manifold is a gradient relative 
to two Kahler metrics, and, simultaneously, an eigenvector of one of the metrics treated, 
with the aid of the other, as an endomorphism of the tangent bundle. A special biconfor- 
mal change is called nontrivial if the two metrics are not each other's constant multiples. 
For instance, according to a 1995 result of LeBrun, a nontrivial special biconformal change 
exists for the conformally-Einstein Kahler metric on the two-point blow-up of the complex 
projective plane, recently discovered by Chen, LeBrun and Weber; the real-holomorphic 
vector field involved is the gradient of its scalar curvature. The present paper establishes 
the existence of nontrivial special biconformal changes for some canonical metrics on Del 
Pezzo surfaces, viz. Kahler-Einstein metrics (when a nontrivial holomorphic vector field 
exists), non-Einstein Kahler-Ricci solitons, and Kahler metrics admitting nonconstant Kil- 
ling potentials with geodesic gradients. 
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1 Introduction 

By a metric-potential pair on a complex manifold M with dimj-M > 2 we mean any pair 
(g,T) formed by a Kahler metric g on M and a nonconstant Killing potential T for g, that is, 
a function T : M — > IR such that /(Vt) is a nontrivial Killing field on the Kahler manifold 
{M,g). Another metric- potential pair (g,t) on the same complex manifold M is said to 
arise from (g,T) by a special biconformal change if 

i) g = fg - e{dT(g)dT + £,®£,), ii) Vt = VT (1.1) 
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for i§ = g(y(VT), • ) and some C°° functions /, : M — > IR. The equality in dl.ll ii) states 
that the ^-gradient of f coincides with the g-gradient of T. 

A special biconformal change as above will be called trivial if / is a positive constant, 
6 = 0, and f equals /t plus a constant. 

Ganchev and Mihova |10, Section 4] studied biconfonnal changes of a more general 
type. In their approach, T : M IR is not required to be a Killing potential. 

The existence of nontrivial special biconformal changes has already been established 
for some metric- potential pairs (g,T). LeBrun 1 15] proved it when g is a Kahler metric on 
a compact complex surface, conformal to a non-Kahler Einstein metric, and T is the scalar 
curvature of g. Both the one-point and two-point blow-ups of CP^ are known to admit 
metrics with the properties just listed (the latter, due to a recent result of Chen, LeBrun and 
Weber f3\; see also Section |9}. On the other hand, Ganchev and Mihova |T(51 exhibited a 
nontrivial special biconformal change leading from (g,T), for any nonflat Kahler metric g 
of quasi-constant holomorphic sectional curvature, and suitable T, to a metric- potential pair 
(g, f ) in which the Kahler metric g is flat. 

This paper addresses the existence question for nontrivial special biconformal changes 
of metric- potential pairs in complex dimension 2. It is not known whether all metric- po- 
tential pairs (g,T) on compact complex surfaces admit such changes. However, nontrivial 
special biconformal changes of (g,T) always exist locally, at points where di ^0 (Remark[2] 
at the end of Section[5ll. 

Biconformal changes of a more general kind than those defined above are introduced in 
Section[T2l where it is also shown that such a generalized biconformal change exists between 
any two U(2)-invariant Kahler metrics on CP^ or on the one-point blow-up of CP^. 

Theorems [T] and [3] stated and proved in Sections |6]and [14] provide two general mecha- 
nisms allowing one to construct examples of nontrivial special biconformal changes. They 
are based on criteria for the existence of such changes that are, in addition, required to sat- 
isfy a certain functional dependence relation, or to yield a metric in the same Kahler class; 
in the former case the criterion amounts to a Laplacian condition. 

The first main result of the paper, derived from Theorem [T] is the existence of nontrivial 
special biconformal changes of various canonical metrics on Del Pezzo surfaces. Specifi- 
cally, they are shown to exist for all metric- potential pairs (g,T) with suitably chosen T, on 
compact complex surfaces M, such that g is 

(i) any Kahler-Einstein metric with positive scalar curvature (and M admits a nontrivial 
holomorphic vector field), or 

(ii) any non-Einstein Kahler-Ricci soliton, or 

(iii) any Kahler metric admitting a special Kahler-Ricci potential T. 

The second main result is Theorem |2] establishing the existence of nontrivial special bi- 
conformal changes of (g,T) whenever {M,g) is a compact Kahler surface and the integral 
curves of Vt are reparametrized geodesies. Being a special Kahler-Ricci potential is suf- 
ficient for T to have this last property, but it is not necessary; more general examples are 
described in the Appendix. 

Two Kahler metrics on a given complex surface cannot be nontrivially conformal. The 
relation of "general biconformal equivalence" is not of much interest here either, since it 
holds locally, almost everywhere, for any two Kahler surface metrics (Section |5]l. On the 
other hand, on compact complex surfaces, a special biconformal change between two given 
metric- potential pairs exists sometimes, though not very often, and if it does exist, it amounts 
to an explicit description of one Kahler metric in terms of the other. For instance, as shown at 
the end of Section[T3] the one-point blow-up of CP^ admits a biconformal change of a more 
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general type, introduced in Section [12] leading from the Kahler-Ricci soliton constructed 
by Koiso 1 14| and, independently, Cao |2|, to one of Calabi's extremal Kahler metrics (71 . 
conformal to the non-Kahler, Einstein metric found by Page II8I . 

2 Preliminaries 

All manifolds and Riemanrrian metrics are assumed to be of class C°°. A manifold is by 
definition connected. 

Given a Riemannian manifold {M,g), the divergence of a vector field w or a bundle 
morphism A : TM TM is defined as usual, by div w = trVw and div A = i§, for the 1- 
form E, sending any vector field w to the function i§(w) = div (Aw) — tr(AVw). The inner 
product ( , ) of 2-forms is characterized by 2(ct, a) = — trA^, where A : TM — ^ TM is the 
bundle morphism with g(Aw, ■) = o{w, ■) for all vector fields w. In coordinates, div w = 
w^j, (div A) j = 1^ and 2(ct, a) = OjkO-''^. Also, for any 2-form a and vector fields w, w', 

{a,a/\a') = a{w,w'), where a = g{w,-), a' = g{w',-). (2.1) 

Lemma 1 Suppose that S,£ 6 (0,°°) and T, l//:( — 5,e)— >IR are C°° functions such that, 
if the dot stands for the derivative with respect to the variable t £ ( — e, e), 

a. f(0) = ^ t(0) and f f ^ everywhere in ( — 5,0) U (0,e), 

b. T : ( — 5,0) — > IR and T : (0,e) — > IR both have the same range I C IR, 

c. \^(t) = G(T(f)) for some function G : I ^> IR and all t e (-5,0) U (0,e). 

Then G has a C°° extension to the half-open interval I U t(0). 

Proof One can view T asanew C°° coordinate on both (— e,0) and (0,e).Thus, G:I^IR 
is of class C°°, and so are all the derivatives J^G/t/T* treated as functions on I. Let us 
prove by induction on k>0 that d'^G/dx'^ is a C°° function of the variable t 6 (— e,e) 
(and, in particular, has a limit at the endpoint t(0) of I). The induction step: by (b) - (c), 
X = d'^G/dz'' treated as a C°° function on ( — 5,e) has the same range on (—5,0) as on 
(0, e), which also remains true when 5, e are replaced with suitably related smaller positive 
numbers 5', e', and such 5', e' may be chosen arbitrarily close to 0. Hence ;i;(0) = 0. As f is 
a new C°° coordinate on (— e, e), vanishing at 0, smooth functions on (— e, e) that vanish at 
are smoothly divisible by t. Consequently, d'^^^G/dz'''^^ = dx jdx = xl'^ is a smooth 
function of t e (— e,e). □ 

Remark 1 Let F be a C°° function {/ x D — > IR, where U C IR*^ is an open set and D C C 
is a disk centered at 0. If F{y,Q) = and F{y,zq) = F{y,z) for all {y,z,(}) e JR'^x with 
1^1 = 1, then F{y,z) = \z\^h{y,z) for some C°° function /i : C/ x /) — s- IR. If, in addition, the 
Hessian of F is nonzero everywhere in [/ x {0}, then so is h. 

In fact, for r 6 IR close to 0, the function (y, r) n- F{y, r) is smooth and vanishes when 
r = 0, so that it is smoothly divisible by r (due to the first-order Taylor formula). The same 
applies to {y,r) H' F{y,r)/r. The last claim holds since, on U x {0}, the Hessian of F 
equals 2h times the Euclidean metric of C. 

We will use the connectivity lemma for Morse -Bott functions T on compact manifolds M, 
stating that, if the positive and negative indices of the Hessian of T at every critical point 
are both different from 1, then the T-preimage of every real number is connected. See WT\ 
Lemma 3.46 on p. 124]. 
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3 Kahler manifolds 

Let M be a complex manifold. Its complex-structure tensor is always denoted by /. Given 
a real 1-form fi on M, the symbol fiJ stands for the 1-form J*fi, so that 

{HJ),= H,oJ,:T,M^'iR- (3.1) 

at any point x E M. If g is a Kahler metric on M, the Kahler form of g is O) = g{J- , ■ ), 
while V denotes both the Levi-Civita connection of g and the g-gradient. Real-holomor- 
phic vector fields on M are the sections v of TM such that £yj = 0, which, for any fixed 
Kahler metric g on M, is equivalent to [J, Vv] = 0. The commutator [ , ] is applied here to 
J and Vv treated as vector-bundle morphisms TM — s- TM, the latter acting on vector fields 
w by (Vv)w = Vn-v. The fact that 

liddxif = (Vdv/)(7-, •) - (Vdv/)(-,/-) (3.2) 

for any Kahler metric g on M, and any function i|/ : M — > IR, will be used below and in 
Section[T4l In the following (well-known) lemmas, ii,b = b{v, ■) for vector fields v 
and covariant tensor fields b, while [d{dy\j/)]J is defined by I l3.lt with ^ = d{dy\j/}. 

Lemma 2 In a Kahler manifold {M,g) one has 2iy{idd \ff) = d{djy\^) — [d{di,\ff)]J for 
any real-holomorphic vector field v on M and any function \ff . M ^ JR. 

Proof Let us set u = Jv and ^ = 2iy(idd\^). By i l3.2b . = [iuiyd\if)\J + iy(Vd\if). In 
coordinates, this reads (M-/)^ = W.pq'^'^Js'Jk'^V.sk'^'''- However, v^^^v'/f = (V^,pV*)^7f - 
xj/ pV^^Js, while, as v is real-holomorphic, v'^/f = 7^v'j. Hence = pV^Js) ^Jf + 

Vy^k + ¥sk^'= {[d{d^W)]J + d{dy\ir)}i^. □ 

Lemma 3 Let there be given C°° functions x ,\\r : M on a complex manifold {M, g) and 
two Kahler metrics g,g on M such that the Kahler forms CO of g and d) of g are related 
by W = CO + 2idd\ff. If the the g-gradient v of X is real-holomorphic and djyXjf = 0, then 
V is also the g-gradient of t = T + dy\ff. 

Proof By ( 13. U . {iyCo)J = co{v,J-) = g{Jv,J-) = g(v, ■) = dx. Consequently, (!,,(2))7 = 
g(v, •). Lemma [2] now yields g(v, •) = [lyW)] = d{'C + dy\if). □ 

Here is another well-known lemma. 

Lemma 4 A differentiable 2-form r\ on a Kahler surface {M,g) is closed if and only if 
d{co,i]) = — div/A, where J is the complex structure, CO denotes the Kahler form of g, and 
A : TM — )• TM is the bundle morphism with g{Av, ■) = T\{v, ■) for all vector fields v. 

Proof The operator la sending every differential 3-form ^ on M to the 1-form (o,^ such 
that {is>l^)(v) = (co, ^(v, • , • )) for all vector fields v is, by dimensional reasons, an iso- 
morphism, since A Co) = for any 1-form E,. The assertion now follows from the 
local-coordinate formula 2{icodr])j= Co''' {r]kij-\-T]ij^k + 'njk,i)- D 
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4 Killing potentials 

Let T be a Killing potential on a compact Kahler manifold {M,g). As usual, this means that 
T is a C°° function M — > IR and /(Vt) is a Killing field on {M,g). In other words, Vt is a 
real-holomorphic vector field, or, equivalently, the 2-tensor field VdT is Hermitian. Using 
the notation 

v = Vt, m = 7v, ^=g(M, •). Q = giv,v), Y=At, (4.1) 

here and and throughout the paper, one then has 

a) 2Ric{v,-) = -dY, b) 2S/dT{v, ■) = dQ. (4.2) 

In fact, ( I4.2l b) holds for any C°° function T on a Riemannian manifold, provided that v and 
Q are still given by ( 14.11 ). The identity ( I4.2l a) is well known, cf. [l]. 

Lemma 5 Let there be given a Kdhler surface {M,g) with the Kdhler form (O, a Killing 
potential T on {M,g), and functions /, : M — > IR. Then, in the notation of ( 14. Il l, the 
2-form rj =fco + 0^AdT is closed if and only if d{f — Qd) + {d^,d + 0Y)dz + {du6)^ =0. 

Proof For A corresponding to rj as in Lemma |4] /A = ® « + <iT ® v) — /, where 
/ stands for / times Id. Also, div(^ Cg) m) = V,,^ and div{dT0v) = Ydx + Vi,dT, so 
that div((§ ® M + i/T ® v) = YdT. (Note that = g(V„M, ■), which is the opposite of 
VydT = g(V,v, •), as V„M = V„(/v) = 7V„v = JV^.u = V^.{Ju) = -V,,v.) Thus, div/A = 
ey + (£/„ e ) ^ + ( J,, e ) ^/t - J/. As ( », r] ) = 2/ - e e by (ITTJ, LemmaElyields our claim. 

□ 

Given a nonconstant Killing potential T on a compact Kahler manifold {M.g) and a C°° 
function : M — > IR, one may refer to \j/ as a C°° function of T if \j/ = G(t) for some C°° 
function G : [Tmin, Tmax] — ^ IR- Note that 

i|/ is a C°° function of T if and only if dxifAdz = 0. (4.3) 

In fact, let M' C M be the open set on which dT ^ 0. It is well-known that M' is connected 
and dense in M, and that Killing potentials are Morse-Bott functions (cf. (8] Remark 2.3(ii) 
and Example 11.1]). The relation dxj/Adz = clearly means that \j/ restricted to M' is, 
locally, a C°° function of T. Consequently, the word 'locally' can be dropped, since the 
connectivity lemma, mentioned at the end of Section [2l now implies connectedness of the 
T-preimages of all real numbers. Also, due to the Morse-Bott property of T, its critical 
manifolds are compact and isolated from one another, so that their number is finite, and, as 
T is constant on each of them, T has a finite set F of critical values. Next, we show that the 
function G : [Vin, Tmax] \ F — > IR with \j/ = G(t) on M\ t^'(F) has a C°° extension to 
[Tmin, Ttnax]- To this end, we fix 6 F and a point x € M such that t(jc) = and dZx = 0. 
The nullspace of the Hessian of T at jc coincides with the tangent space at x of the critical 
manifold of T containing x (cf. |8, Remark 2.3(iii-d)]). One may thus choose 5,e 6 (0,°°) 
and a C°° curve ( — e,e) 3 f i— s- x{t) in M with x{0) = x, for which the assumptions, and 
hence the conclusion, of Lemma [T] are satisfied if one lets the symbols T and \j/ stand for 
the functions T{x{t)) and y/(x(r)) of the variable t. 
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5 Special biconformal changes 

Two Riemannian metrics g,g on a manifold M are sometimes referred to as biconformal 
f9lfT0ll if tliere exist vector subbundles Y and Jf of TM with TM=y®,3^ such that, 
for some positive C°° functions /, ^ : A/ — > IR, 

g=/gonjr, g=xgonr, g{^,r)=g{^,r) = {Q]. (5.1) 

This kind of biconformality is of little interest in the case of two Kahler metrics on a given 
complex surface M, since, locally, in a dense open subset of M, dS.ll l always holds, due to 
the existence of eigenspace bundles of g relative to g. 

The special biconformal changes defined in the Introduction represent a particular case 
of the situation described above. Namely, relation (II. H i), in the open set M' (Z M where 
dx ^ 0, amounts to dSTTT l with X = f-QS, 'f = Span]R(v, u) and ,^ = -y^ (notation of 
(ESD, so that TM'=r® M", while 

/ and / — QQ are the eigenvalue functions of g relative to g. (5.2) 

Given a Kahler manifold (M, g) with a nonconstant Killing potential T and C°° func- 
tions /, : M — ^ IR, let a twice-covariant symmetric tensor field g on M be Hermitian 
relative to the underlying complex structure J . Thus, (£) = g(/ - , ■ ) is a 2-form. Then Jl.ll i) 
holds, for i§ = g(7(VT), • ), if and only if 

(b = fa + Ql,\dx. (5.3) 

A nontrivial special biconformal change (ll.lt of a metric- potential pair (g,T), if it exists, 
is never unique. Namely, it gives rise to a three-parameter family of such changes, leading 
to the metric- potential pairs {pg -\- qg^px A- qx -\- s), with any constants p^q^s such that 
pg +qg is positive definite (for instance, p,q may both be positive). In fact, dl.ll l holds if 
one replaces g,f,0 and f by g' = pg + qg,pf+q,pd and t' = px + qx + s. (Specifically, 
dl.ll ii) for t' is immediate as i^g' = piyg + qivg, for v = Vt.) In addition, g' is a Kahler 
metric, since the 2-form co' = g'{J- , ■) equals pcb +qCO, and so dco' = 0. 

The existence of a special biconformal change dl.lt for a pair {g,x), with prescribed / 
and 9, obviously amounts to requiring g given by dl.ll i) to be a Kahler metric such that 
V = Vt is the g-gradient of some C°° function x. The following lemma describes a condi- 
tion equivalent to this in the case of Kahler surfaces; a similar result, valid in all complex 
dimensions, was obtained by Ganchev and Mihova 1 10, the text following Definition 4.1]. 

Lemma 6 Given a metric- potential pair {g,x) on a compact complex surface M and C°° 
functions /, 0, f : M — ^ IR, one has dl.lb for a metric-potential pair of the form (g, f ) on 
M if and only if, in the notation of d4.1b . 

i. X = P{x) for SOTJIG C function P '. [iniini^max 

1 ^IR, 

ii. f-Qe= H{x), with H = dPjdx, 

iii. duQ = and d.d 07 = -H'{x), where H' = dH/dx, 

iv. />max(Q0,O). 

Sufficiency of (i) - (iv) remains true without the compactness hypothesis. 

Proof Necessity: first, dl.lt implies (i). In fact, dx = lyg = (/ — Qdjdx in view of dl.lb . 
so that ([43]l gives (i) and (ii). Next, by LemmajS] (|53]l and (ii), [d^O -\- BY + H'{x)]dx -\- 
(dud)^ = 0, and (iii) follows since is orthogonal to dx. Finally, (iv) amounts to positive 
definiteness of g, cf. d5.2t . 
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Sufficiency: conditions (ii) - (iv) combined with Lemma|5]and i5.3i show that g defined 
by jl.ll i) is a Kahler metric. Also, in view of dl.ll i) and i4.H . lyg = (/ — QQ)dl, which, 
according to (i) and (ii), equals dz. This proves dl.ll ii). □ 

Remark 2 For any metric- potential pair (g,T) on a Kahler surface, nontrivial special bicon- 
formal changes of {g,T) exist locally, at points where di ^ 0, and the C°° function P of the 
variable T, such that f = P(t) for the resulting pair (g,f), may be prescribed arbitrarily, 
as long as dP/dz > 0. (Cf. Lemma |6ti)-(ii) and | |5.2I ).) This is clear from the final clause of 
Lemma|6l since conditions (iii) and (iv) in Lemma[6]can be realized by solving an ordinary 
differential equation, with suitably chosen initial data, along each integral curve of v. 



6 One general construction 

The following theorem provides a method of constructing examples of nontrivial special 
biconformal changes in complex dimension 2. In the next four sections this method will be 
applied to four specific classes of Kahler surface metrics. 

Theorem 1 Given a nonconstant Killing potential T on a compact Kahler surface [M, g), 
the following two conditions are equivalent: 

a. (g,T) admits a nontrivial special biconformal change as in dl.ll l. with 6 which is a C°° 
function of T, 

b. ^[^(t)] = —H'(t) for some nonconstant functions S,H : [Tmin, Tmax] ~^ IR '3«<i 
H' = dH/dr. 

Then, up to additive constants, H in (b) coincides with H appearing in Lemma^ while Q 
in (a) and S in (b) are related by 6 = dS/dt. 

Proof Assuming (a) and using Lemma|6tiii), one obtains (b) for any S with dS/di = 9. 
Conversely, (b) easily implies condition (iii) in Lemma |6jiii) for 9 = dS/dz. Adding a 
suitable constant to H, one also gets (iv) in Lemma[6]for P, f and f chosen so as to satisfy 
(ii) and (i) in Lemma[6l □ 



7 Kahler-Einstein surfaces 

On any compact Kahler-Einstein manifold (M, g) such that the constant A with Ric = ?ig 
is positive and M admits a nontrivial holomorphic vector field, there exists a nonconstant 
Killing potential. In fact, by Matsushima's theorem 1 16|, t) = Q (SJg for the spaces f) and g 
of all real-holomorphic vector fields and, respectively, all real-holomorphic gradients, where 
Jg consists of all Killing fields on (M,g). 

Using Theorem [T] one sees that a nontrivial special biconformal change of {g,T) exists 
whenever g is a Kahler-Einstein metric with positive Einstein constant X on a compact 
complex surface M and T is a nonconstant Killing potential on {M,g). Namely, by i l4.2l a). 
At = a — 2At for some a 6 IR. Thus, condition (b) in Theorem [T] holds for 5(t) = t and 
H{t) = Xx^-ax. 
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8 Kahler-Ricci solitons 

A Ricci soliton 1111 is a Riemannian manifold (M, g) with the property that, for some con- 
stant X , the tensor field Xgw — Ric is the Lie derivative of g in the direction of some vector 
field. Perelman 11191 Remark 3.2] proved that, if M is compact, such a vector field must 
be the sum of a Killing field and a gradient, or, equivalently, there exists a C°° function 
T : M ^ IR with 

VdT + Ric = Xg for a constant X . (8.1) 

If a C°° function T : M ^ IR satisfies {O. then |4, p. 201] 

c = At - g{VT.yx) + 2Xx (8.2) 

is a constant. In fact, adopting the notation of ( 14.1 1 ) except for the formulae involving /, and 
applying to both sides of ( I8.lt either — 2div, or tr^ followed by d, or, finally, 2(,,, one obtains 
-2dY -2Ric{v, ■)- ds = dY + ds, = 0, and, by (gjlb), dQ + 2 Ric (v, ■ ) = 2X dz. (Here 
s denotes the scalar curvature, while divVrfr = J7-|-Ric(v, ■) by the Bochner identity, 
which has the coordinate form jk = v'^ ,ki +RjkvK and divRic = (is/2 in view of the 
Bianchi identity for the Ricci tensor.) Adding these three equalities produces the relation 
J[4T-g(VT,VT)+2AT] = 0. 

By a Kdhler-Ricci soliton one means a Ricci soliton which is at the same time a Kahler 
manifold I20II21I . A function T with ( 18. Il l then is a Killing potential. (Since g and Ric are 
Hermitian, so must be VdT as well.) Also, ( 18.2b can be rewritten as Ae^'^ = {2Xt — c)e^^. 
Thus, by Theorem[T]/or every non-Einstein compact Kdhler-Ricci soliton {M, g) of complex 
dimension 2, the pair {g,l), where T is a function satisfying ( 18.1b . admits a nontrivial 
special biconformal change. Specifically, condition (b) in Theorem [T] then holds for ^(t) = 
e-"^ and H{t) = [2A(t+ 1) - c]e-''. 

9 Conformally-Einstein Kahler surfaces 

Let {M, g) be a conformally-Einstein, non-Einstein compact Kahler surface. The scalar cur- 
vature s of g then is a nonconstant Killing potential, and so g is an extremal Kahler metric 
m . while s > everywhere and s-' + 6sy— 12g = 12c for some constant c > 0. See (S) 
Proposition 4 on p. 419 and Theorem 2 on p. 428], 1151 Lemma 3 on p. 169]. 

Conformally-Einstein, non-Einstein Kahler metrics are known to exist on both the one- 
point and two-point blow-ups of CP^. The former, found by Calabi 1 1 1, is conformal to the 
Page metric 1181 , for reasons given in ||5] the top of p. 430]; the existence of the latter is a 
result of Chen, LeBrun and Weber (3]. 

Theorem [T] implies that /or every conformally-Einstein, non-Einstein compact Kahler 
surface (M,g), the pear (g,T), with T = s, admits a nontrivial special biconformal change. 
In fact, the equality s^-|-6s7— 122 = 12c yields condition (b) in Theorem[T]for T = s and 
5(t) = — with H{r) = ct^^-|- t/6. The existence of such a biconformal change in this 
case was first discovered by LeBrun ifTSl p. 171, the end of the proof of Proposition 2], who 
proved that, with p and CO standing for the Ricci and Kahler forms of g, 

p+2idd\ogs = [{Q-\-c)s-^+s/6]co -\- s'^^ Ads (9.1) 

(notation of ( 14.1b . Equality ( 19.1b easily implies dl.ll i) with a new Kahler metric g. Namely, 
the right-hand side of ( 19. lb coincides with d) in ( 15.3b . for suitable / and 0, while the Her- 
mitian 2-tensor field g characterized by d) = g{J- , ■) is positive definite, cf. Lerrmia[6jiv); 
at the same time, the left-hand side of ( 19.1b is a closed 2-form. 
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10 Special Kahler-Ricci potentials 

A special Kdhler-Ricci potential (T) on a compact Kahler surface {M,g) is any nonconstant 
Killing potential T-.M^JR such that both Q = g(VT, Vt) and Y=At are C°° functions of 
T. This definition, although different from the one given in |7] § 7] for all complex dimen- 
sions in > 2, is equivalent to it when m = 2, as a consequence of ( 14.2b and i l4.3b . Special 
Kahler-Ricci potentials on compact Kahler manifolds [M, g) of any given complex dimen- 
sion m > 2 were classified in (8|. They turn out to be biholomorphic to CP'" or to holo- 
morphic CP' bundles over complex manifolds admitting Kahler-Einstein metrics. If m>3, 
there are other natural conditions which imply the existence of a Kahler-Ricci potential (7J 
Corollary 9.3], lE] Theorem 6.4]. 

If (M, g) is a compact Kahler surface with a special Kahler-Ricci potential T, any non- 
constant C°° function S : [Tmin,Tmax] IR satisfies condition (b) in Theorem [T] Conse- 
quently, by Theorem [T] the pair (g,T) then admits a nontrivial special biconformal change 
dl.lb . in which d may be any prescribed (^function of T other than the zero function. 

11 Geodesic gradients 

We say that a nonconstant Killing potential T on a compact Kahler manifold (M, g) has a 
geodesic gradient if all the integral curves of Vt are reparametrized geodesies. By (14. 3t . 
this amounts to requiring that Q = g(VT,VT) be a C°° function of T, since ( 14. 21 b) gives 
2Vi,v = VQ (notation of dTTTl). 

Thus, every special Kahler-Ricci potential (SectionfTOll has a geodesic gradient. Further 
examples, which are not special Kahler-Ricci potentials, are described in the Appendix. 

Theorem 2 For every nonconstant Killing potential T with a geodesic gradient on a com- 
pact Kahler surface {M, g), other than a special Kdhler-Ricci potential, there exists a non- 
trivial special biconformal change dl.lb of the pair (g,T), for which H, defined in Lemma^ 
can be, up to an additive constant, any prescribed nonconstant C°° function of the variable 
T G [Tmini "^max] such that H' = dH / dx is L^-orthogonal to linear functions of T. 

For a proof, see the final paragraph of the Appendix. 

12 Biconformal changes defined on an open submanifold 

The last five sections described examples of nontrivial special biconformal changes that 
naturally arise in certain classes of compact Kahler surfaces. As we will see below and in 
Section [141 there are also circumstances in which, for a given metric- potential pair (g,T) 
on a compact complex surface M, one naturally obtains a nontrivial special biconformal 
change dl.ll l of (g,T) restricted to the dense open submanifold M' characterized by the 
condition <iT / 0, while the functions f,Qd,T in dl.lb . cf. d4.1l l. and the metric g, all have 
C°° extensions to M. The only difference between this case and the standard one (defined in 
the Introduction) is that 9, unlike Qd, may now fail to have a C°° extension to M. 

To provide an example of such a situation, we let M stand either for CP^ or for the one- 
point blow-up of CP^, so that M is a simply connected compact complex surface with an 
effective action of U(2) by biholomorphisms. For any U(2)-invariant Kahler metric g on 
M, a fixed vector field u generating the action of the center U(l) C U(2) is a U(2)-invariant 
g-Killing field. Thus, u = ^(Vt) for some nonconstant Killing potential T on (M,g). (Cf. 
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(7] Lemma 5.3].) One may say that such T is associated with g. As the principal orbits of 
the U(2) action are three-dimensional, every U (2) -invariant C°° function M — > IR is, by 
( I4.3I I. a C°° function of T. Applied to the functions Q = g(VT, Vt) and Y= At, this shows 
that T then is a special Kahler-Ricci potential on (M,g), cf. SectionfTOl 

Lemma 7 For M and M' G M as above, any \J (2) -invariant Kdhler metrics g,g on M, 
and nonconstant Killing potentials T, f associated with them, the pair {g,T) restricted to 
M' arises from (g,T) by a biconformal change dl.lb . If, in addition, M is the one-point 
blow-up of CP^, then the functions f and QO in dl.lb . as well as the corresponding eigen- 
space bundles Y and introduced in Section^^ all have C°° extensions to M such that 
/> max (20,0) on M, cf ( ITB . 

Proof Let us denote by y the complex-line subbundle of TM', spanned by v = Vt (that is, 
by u = Jv). The g-orthogonal complement = of Y in TM', relative to any U(2)- 
in variant Kahler metric g, does not depend on the choice of such a metric. In fact, being 
g-orthogonal to v = —Ju, the subbundle M' is contained in the real three-dimensional sub- 
bundle tangent to the orbits of the U(2) action. (As v is the g-gradient of the U(2)-invariant 
function T, it is orthogonal to the orbits.) Independence of M' from g now follows since a 
real three-dimensional subspace of a complex two-dimensional vector space contains only 
one complex subspace of complex dimension 1. 

For any two U(2)-invariant Kahler metrics g,g, one clearly has ( 15.1b with some positive 
C°° functions /,x : W — > IR. Defining 0, on M', by X = / - G^- we now obtain dl.ll i) on 
M', while dl.ll ii) is obvious as Vf = —Ju = Vt. Finally, if M is the one-point blow-up of 
CP^, then Y (and hence M' as well) has a C°° extension to a subbundle of TM, due to the 
fact that M is a holomorphic CP' bundle over CP' and f is tangent to the fibres. □ 

13 More on U(2)-invariant Kahler metrics 

Let us consider the one-point blow-up M of CP^, with the effective action of U(2) by bi- 
holomorphisms. By central automorphisms of M we mean transformations that belong the 
holomorphic action of C* on M, generated by the action of the center U(l) C U(2). They all 
commute with the action of U(2). Thus, the puUback of any U(2)-invariant Kahler metric 
on M under any central automorphism of M is again a U (2) -invariant Kahler metric on M. 

Suppose, in addition, that g,g are U (2) -invariant Kahler metrics on M, and let T, f 
denote the nonconstant Killing potentials associated with them (Section [T2li. According to 
the final clause Lemma|7]and ( 15. 2t . one has ( 15. lb with positive C°° functions /,;^ : M — > IR, 
where X = f ~ Q^- Both / and x constant on either of the two exceptional orbits 
of the U(2) action, biholomorphic to CPl (In fact, / and x U(2) -invariant, since so are 
both metrics.) Let the constants and X* be the values of / and x on E^. The positive 
real number 

d{g,g) = X^X'/if^r) (13.1) 
is an invariant which remains unchanged when one of the metrics g.g is replaced with its 
pullback under any central automorphism of M (since the pair {x^,X^) then is replaced by 
{fX^^ ) for some r £ (0,°°)). On the other hand, d(g,g) = 1 when {g, f) arises from 

(g,T) by a special biconformal change: in fact, as X = f ~ Q = on E^. 

This shows that (b) implies (a) in the following proposition. 

Proposition 1 For any \] {2) -invariant Kdhler metrics g,g on the one-point blow-up of 
CP^, and nonconstant Killing potentials T, f associated with them in the sense of Section \\2\ 
the following two conditions are equivalent: 
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a- d{g,g) = I, 

b. {g,i) arises by a special biconformal change from the pullback of (g,T) under some 
central automorphism of M. 

Proof It suffices to verify that (a) leads to (b). Because of how change under the action 
of a central automorphism (see above), one may use a pullback as in (b) to replace with 
the value /+. As d(g,g) = 1, | |13.1I > now gives x = / as well. Since X = f ~ 2^' it 
follows that ge = on Z*. 

In view of the final clause of Lemma |7l the assertion will follow if one shows that d 
(and not just Q6) has a C°° extension to M. To this end, fix a point x £ and identify a 
neighborhood of x in M diffeomorphically with U x D, so that the flow of u consists of 
the rotations (y,z) ^ {y,zcj), where g e C and \q\ = 1 (notation of Remark[T] for k = 2). 
According to Remark [T] both Q and 20 is smoothly divisible by while 2/|zP is 
positive on {/x{0},andso 9 = [{Qd)/\z\^]/{Q/\z\^) is smooth everywhere in [/xD. That 
the Hessian of Q is nonzero everywhere in follows since the same is true of the Hessian 
of Jt, cf. |7, Remark 5.4]. Namely, differentiating ( 14. 21 b) one sees that the former Hessian 
equals twice the square of the latter, if both are identified with morphisms TM — > TM as in 
the lines preceding ( 12.1b . □ 

Let g and g denote the two distinguished U( 2) -invariant Kahler metrics on the one-point 
blow-up of CP^, mentioned at the end of the Introduction. According to Lemma]?] the cor- 
responding pairs (g,T) and {g, f) arise from each other by the weaker version of a bicon- 
formal change, described at the beginning of Section [12] The value of d(g,g) in this case 
is not known; if that value turns out to be 1, a stronger conclusion will be immediate from 
Proposition [T] 



14 Another construction 

In contrast with Theorem]!] the following result may lead to biconformal changes of a more 
general kind, introduced at the beginning of in Section [T2l 

Theorem 3 Suppose that T is a nonconstant Killing potential on a compact Kdhler surface 
{M,g) and a Kdhler metric g on M represents the same Kdhler cohomology class as g. 
Using the notation of ( I4.lt , let us fix a C°° function l|/ : M — > IR such that the Kdhler forms 
CO of g and W of g are related by W = (0 +2idd\ff, and denote by M' the open subset of 
M on which dz ^ 0. 

If there exists a special biconformal change of {g,T) leading to a pair (g, f ), for some 
nonconstant Killing potential f on {M,g), then 

dy\^ is a C°° function of T and du^ = 0. (14.1) 

Conversely, if ( 114.1b holds, then, for some nonconstant Killing potential f on {M,g), 
the pair (g,f), restricted to M', arises from {g,x) by a special biconformal change on M', 
and, on M', one has dl.lb with 

f = A\jf+l-d{d,,\if)/dT:, e = [A\if-2d(d^,\if)/dT:]/Q, f = T + d,v/. (14.2) 

Proof Let some special biconformal change, applied to (g,T), produce (g,f). Since m is a 
Killing field for both g and g (Section ]2]i, the Lie derivatives £„a) and £„(» both vanish, 
while £„ commutes with dd as u is holomorphic. Thus, du^r lies in the kernel of dd and 
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vanishes at points where dz = 0, which is only possible if duiff = identically. Now, by 
dl.ll ii) and Lemma[3] di — dT + d{dy\j/}. Consequently, Lemma[6ji) yields i ll4.1b . 

Conversely, let us assume l ll4.lt and define /, 0, f by ( 114.21 ). Lemma[3]gives ^(v, ■ ) — 
g{v, ■) = dt — dr = d{dy\if), so that g(v, ■ ) equals the function 1 + d{dy\^) jdx = f — Qd 
times dx = g(y, •). Hence v is, at every point of M' an eigenvector, for the eigenvalue 
/ — 20, of g treated, with the aid of g, as a bundle morphism TM' TM'. The Hermitian 
2-tensor field n = (di ® di + E, ® E,) / Q (notation of i l4.1b ) is, obviously, the orthogonal 
projection onto the complex-line subbundle Y of TM', spanned by v, provided that one 
identifies K, as in the lines preceding ( I2.lt . with a morphism A : TM' — s- TM'. Similarly, 
g — K is the orthogonal projection onto = Y\ The other eigenvalue of g, corresponding 
to eigenvectors in Jif, is /. (In fact, the sum of the two eigenvalues is trg/2, which equals 
2 + A\j/, as one sees noting that, by ( 13.2b . the relation a> = co + 2idd\j/ amounts to g = 
g + Vd\if + {Vd\if)(J -J ■).) The spectral decomposition g = f{g — n) + (f — Qd)7Z now 
implies dl.ll i). on M', while Lemma [3] yields JLll ii). completing the proof. □ 



15 The integral obstruction 

One can ask whether a nontrivial special biconformal changes exists for every metric- po- 
tential pair (g,T) on a compact complex surface M. Here are two comments related to this 
existence question. 

First, due to compactness of M, for such a special biconformal change (II. It . the func- 
tions / and 9 are uniquely determined by H : [T^m,'^mix] — > IR appearing in Lemma [6] 
Namely, the zero function is the only C°° solution : M — > IR to the homogeneous equa- 
tion dy(j) + (j)Y = 0, associated with the equation imposed on d in Lemma |6jiii). In fact, 
the Killing potential T has a finite number of critical manifolds (see the lines following 
( 14.3b ). At the same time, Y = At is negative at points where T = Tmax, since the Hessi- 
an Vdz is negative semidefinite and nonzero at such points (cf. (7] Remark 5.4]). Thus, 
there exist 5,e 6 {0,°°) with the property that c?T / and Y < —5 everywhere in the 
open set U on which < Vax— T < e. Any integral curve [0,°°) 3 1 1-^ x{t) of v = Vt 
with t(x(0)) 6 U lies entirely in U. A solution (j) to dy(j) + ij)Y = 0, if not identically 
zero along the integral curve, may be assumed positive everywhere on the curve, and then 
d[log(j){x{t))]/dt = —Y{x{t)) > 5 > 0, so that (j){x{t)) — > o° as f — > contrary to compact- 
ness of M. Thus, H determines 9, and hence f, cf. Lemma|6tii). 

Secondly, let us fix a metric- potential pair {g,T) on a compact complex surface M. In an 
attempt to find a nontrivial special biconformal change of (g,T), one might begin by select- 
ing a nonconstant C°° function H : [Tmin, Tn,ax] — ^ IR> which would then become the function 
H corresponding to such a biconformal change as in Lemma |6jii). (It is nonconstant as we 
want the change to be nontrivial, cf. the preceding paragraph.) Using the notation of ( 14.1b . 
we consider an arbitrary maximal integral curve JR B t ^ x{t) of v = Vt, and set ( )' = d/dt 
(which is applied to functions restricted to the curve). Our initial task is to find conditions 
on IV = —dH/dl and Y= At, restricted to the curve, necessary and sufficient for the linear 
ordinary differential equation 

e + BY = W (15.1) 

to have a solution : IR — > IR with finite limits 0(±o°). Such 6, if it exists, must be unique. 
This is obvious from the preceding paragraph (which actually shows more: namely, there is 
at most one solution d with a finite limit at o°, and at most one with a finite limit at — o°). 



13 



Writing instead of h[t)dt whenever /; : IR — > IR is a continuous function and 

a, ^) 6 IR U {°°, — °°}, we see that the condition 

P^[[,W] = 0, where ^ = and Z : IR ^ IR is an antiderivative of 7, (15.2) 

is necessary for the existence of a bounded solution d to i ll5.ll >, as well as sufficient for 
( 115.1b to have a solution d with finite limits d{±°°). (Under our assumptions, C, is al- 
ways integrable, and hence so is C,W , while the equality in ( 115.2b remains unchanged if one 
replaces Z by another antiderivative of Y.) In fact, necessity of ( 115.2b follows since, multi- 
plying both sides of ( 115.1b by ^, we can rewrite ( 115.1b as (^0)' = C,W, while boundedness 
of Q implies that C,d has limits equal to at both °o and — o°, so that integrating the last 
equality we get ( 115.2b . For sufficiency, note that, in view of I'Hospital's rule, 0(±o°) = 
W(±°o)/F(±°o) if one defines the solution to ( fTSTl bv e(f) = [^(f)]"' /-=o[C^]- 

The requirement that (115.2b hold along every maximal integral curve of v, as a restriction 
on the choice of a nonconstant C°° function H : [Vin, Tmax] — ^ IR that would become the 
function H of Lemma[6lii) for a nontrivial special biconformal change of (g,T), is therefore 
necessary for such a biconformal change to exist. How restrictive this requirement is depends 
on (g,T). For instance, if T is a special Kahler-Ricci potential on (M^g), ( 115.2b states that 
W, as a function of T 6 [Tmin, Tniax]> should be L^-orthogonal to just one specific function 
of T. In general, however, the dependence of T on f varies with the integral curve, so that 
( 115.2b amounts to a much stronger L^-orthogonality condition. 



16 Remarks on the Ricci form and scalar curvature 

Let g be a Kahler metric on a complex manifold M of complex dimension m>2. The Ricci 
form of g then is given by p = Ric(7- , ■ ). The Ricci forms of two Kahler metrics g,g on 
M are related by p = p—iddlogy, where O)^"' = yco^"', that is, y : M — 5- (0, °°) is the ratio 
of the volume elements. If (g,T) and (g,f) are metric- potential pairs on M, with a special 
biconformal change dl.lb . this yields 

p = p - {m-l)iddlogf - idd\og{f-Qe), (16.1) 

since y= {f-Qe)f"'-\ cf. i5l}i . 

When m = 2, we have 7= {f — QQ) /, as well as 4p A 0) = sffl A ffl, while A{idd \jf) A 
0} = {A\jf)coAco for any function \jf, and 4p A ArfT= —{Qs + dyY)wAW. The last three 
relations are direct consequences of the easily-verified formula 

4CAo:A^ = [{tTii,A)g{v,v)-2g{Av,v)]aAa (16.2) 

valid whenever (M, g) is a Kahler surface, a> stands for its Kahler form, v is a tangent 
vector field, A : TM — > TM is a bundle morphism commuting with the complex structure 
tensor J and self-adjoint at every point, while ^ = g{JA- , ■), a = g(v, ■ ) and = g(Jv, ■ ). 
Note that ( 116.2b gives 4 ^ A 0) = (tr^^A) CO A CO. Hence, by ( 116.1b with m = 2 and ( 15.3b , the 
scalar curvatures s of g and s of g satisfy the relation 

7s = (/-Ge)(s-41og7) + erf,(^,log7-7). (16.3) 

The equalities 7 = [f — Q9)f and f—QQ = H{z) (see Lemma [6^11)) make it possible to 
rewrite (116. 3t in a number of ways. 
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Appendix: Killing potentials with geodesic gradients 

The following construction generalizes that of IS] §5] (in the case m = 2), and gives rise to 
compact Kahler surfaces {M,g) with nonconstant Killing potentials T, which have geodesic 
gradients, but need not be special Kahler-Ricci potentials. 

One begins by fixing a nontrivial closed interval I = [ Tmin , '^nva\ , a constant a e (0, °°) , a 
compact Kahler manifold (A', h) of complex dimension 1 (or, equivalently, a closed oriented 
real surface A' endowed with a Riemannian metric h), C°° mappings I 3 T i— ^ 2 6 IR and 
c :N IRP' \ I such that g = at the endpoints Tmin , Vax and 2 > on the open interval 
1° = (fmin, Vax), wMle Q' = 2a at Tmin and Q' = —2a at Tmax- The use of the symbol 
c conforms to the notations of [8] §5], where c £ IR \ I C IRP' \ I was a real constant. 
Here and below, ( )' = d/dT and IR is treated as a subset of IRP' via the usual embedding 
T I— >■ [t, 1] (the brackets denoting, this time, the homogeneous coordinates in IRP'). For 
algebraic operations involving o° = [1,0] 6 IRP' and elements of IR C IRP', the standard 
conventions apply; thus, °o^' = 0. Since we need a canonically selected point in I, we 
choose T» to be the midpoint of I. 

In addition, let us fix a C°° complex line bundle over A' along with a Hermitian fibre 
metric ( , ) in Jtf, and a connection in J/f making ( , ) parallel and having the curvature 
form Q = -a(T* -c)-iffl(''', where is the Kahler form of {N,h). (Thus, 12 = at 
points at which c = oo.) The symbol ^ also denotes the total space of the bundle, while 
y and stand for the vertical distribution Ker dK and the horizontal distribution of our 
connection, 7Z being the projection Jff ^ N. Treating the norm function r : ^ — > [0,°°) of 
( , ), simultaneously, as an independent variable ranging over [0,°°), we finally select a C°° 
diffeomorphism 1° 3 T ^ r £ (0,°=) such that dr/dz = ar/Q. 

The above data allow us to define a Riemannian metric g on M' = Jff ^ N, where 
is identified with the zero section, by g = (t, — c o (t — c o ;r) 7t*h or g = 7t*h on J^, 
g = {ar)-^QRe ( , ) on r, and g{Jt, f) = {0}. On Jt, the first formula is to be used in the 
;r-preimage of the set in A' on which c ^ oo, and the second one on its complement. Note 
that, due to the fixed diffeomorphic correspondence between the variables T and r, we may 
view T (and hence Q) as a function M' IR, while C°°-differentiability of the algebraic 
operations in IRP', wherever they are permitted, implies that g is of class C°°. 

The vertical vector field v on the restriction of which to each fibre of ^ equals 
a times the radial (identity) vector field on the fibre, is easily seen to have the property 
that dy = Qd/dT, with both sides viewed as operators acting on C°° functions of T. Hence 
V = Vt, that is, V is the g-gradient of T. 

Clearly, (M', g) becomes an almost Hermitian manifold when equipped with the unique 
almost complex structure J such that the subbundles f and of TM' are /-invariant and 
Jx restricted to T^, or Jify, for any x 6 M', coincides with the complex structure of the fibre 
•^n{x) or, respectively, with the ds'v-pullback of the complex structure of N. 

If M now denotes the CP' bundle over A' obtained as the projective compactification of 

then g, T and J have C°° extensions to a metric, function and almost complex structure 
on M, still denoted by g, T and J. In addition, g is a Kahler metric, that is, V7 = 0, while 
T is a Killing potential with a geodesic gradient on the compact Kahler surface (M,g), but, 
unless the function c :N ^ IRP' \ I is constant, T is not a special Kahler-Ricci potential. 
For details, see |6|. 

Proof of Theorem^ The following classification theorem was established in ||6|: 

Let T be a nonconstant Killing potential with a geodesic gradient on a compact Kahler 
surface {M,g). If T is not a special Kahler-Ricci potential on (M,g), then, up to a bihol- 
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omorphic isometry, the triple {M,g,T) arises from the above construction applied to some 
data I, a,N, h, , {,), J^, c and T ^ Q with the required properties, such that the function 
c : N ^ IRP' \ I is nonconstant. 

We may thus assume that {M,g) and T are the objects constructed above. For H as 
in the statement of Theorem |2] and any fixed y E N, let Fy : [Tmin, Vax] — > IR be the an- 
tiderivative, vanishing at T^in, of the function —[t — c{y)]H'{T) of the variable T. Thus, 
Fy = at both endpoints Tn,in, Tmax- Due to the boundary conditions imposed on Q and the 
first-order Taylor formula, Fy is is smoothly divisible by Q on the whole closed interval 
[imin, Tinax], that is, QEy{T) = Fy{T) for some C°° function Ey, and we may define a C°° 
function : M — > IR by d{x) = Ey{T)/[T — c{y)]. (Here T stands for t(jc), and y = n{x), 
with K :M ^ N denoting the bundle projection.) 

Next, Y= At is given by Y= [t — c o n)^^ Q + dQ / dT (see f6l). Since, as we noted 
above, d^. = Qd/dT, condition (iii) of Lemma |6] follows. Adding a constant to H, we also 
obtain (iv) in Lemma |6] if P,f and f chosen so as to satisfy (ii) and (i) in Lemma [6] This 
completes the proof. □ 

Acknowledgements The author thanks Gideon Maschler for helpful comments and suggestions, including 
the italicized observation at the end of Section fTo] 
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